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a b s t r a c t
Given a pair of G-covering functors F 1 : R → R1 and F 0 : R → R0 such that F 0 is
a Galois covering, the inequality dim mod1R0 (z, t) ≤ dim mod1R1 (z, t) for all z, t , of the
dimensions of the first kindmodule sets under some assumptions is proved (Theorem 2.2).
The result is applied to show the equality of the module variety dimensions for some
special degenerations of algebras. Certain consequences for preserving wild and tame
representation types by G-covering functors are also presented (Theorems 2.4 and 3.1).
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
One of the most important and classical problems of modern representation theory of finite dimensional algebras is to
classify all indecomposable representations for an algebra A. Generally this problem is difficult and often it is replaced by a
simpler one, namely, that of determining the representation type for A. The natural way of studying the representation type
for an individual algebra A requires usually a detailed knowledge of the structure of the category modA formed by all finite
dimensional A-modules, in particular, a description of the indecomposable objects in modA. However, there also exists an
alternative approach based on the geometric characterization due to Geiss and de la Peña [23,24,28], which is phrased in
terms of certain dimension estimations for module varieties modA(z, t), for z, t ∈ N (cf. Proposition 1.3).
This approach was applied by Geiss and Crawley-Boevey for proving that if an algebra A admits a (geometric)
degeneration A¯, which is tame, then A is tame itself (see [24,6]; cf. [21]). More precisely, they showed, that for an algebra A¯
being a degeneration of A the inequalities dimmodA(z, t) ≤ dimmodA¯(z, t) hold for all z, t ∈ N. In this paper we discuss
when these dimensions are equal, or in other words, when A and A¯ can be of the same representation type.
We study this question in the context of coverings— a powerful and efficient tool, which allowed to solvemany important
problems of contemporary representation theory (see e.g. [19,20,17,29,32,33]). Connections between these two notions
are rather natural, especially, for the representation finite case (see [3, 5.2]). It happens quite often that a degeneration of
algebras, A to A¯ (indicated symbolically by A  A¯ below) can be ‘‘build into the triangle’’ of the form
A˜
F




F¯
/
//
//
//
/
A  A¯ = A˜/G
(△)
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where A˜ is a locally bounded k-category equipped with a free action of the group G ⊆ Autk−cat(A˜) on ob A˜ such that A¯ is
isomorphic to the (quotient) orbit category A˜/G of A˜ by G, F¯ : A˜ → A˜/G is a Galois covering functor with the group G, given
by the natural projection, and F : A˜ → A is a certain covering functor, which commutes with automorphisms from G only
on objects. (Clearly, in (△) we identify algebras with finite locally bounded categories). Therefore, given a covering functor
F : A˜ → A as above, we prove a rather general result – Theorem 2.2 – comparing the dimensions of the subsets of the
first kindmodules mod1A(z, t) andmod
1
A˜/G
(z, t) (of modA(z, t) andmodA˜/G(z, t), respectively). As a conclusion of the proved
inequalities, which are of the shape dimmod1A(z, t) ≥ dimmod1A˜/G(z, t), we obtain the expected equalities of dimension
for the degenerations admitting the diagram (△), with A˜ being locally support finite (see Theorem 2.3). Moreover, for some
special class of covering functors F , the so-called almost Galois covering functors of the integral type, we infer preserving
of the tame and wild representation types by F , in some special cases (see Theorem 3.1, compare also Theorem 2.4 in a
more general situation). We also discuss the geometric meaning of some technical condition appearing in the formulation
of Theorem 3.1 (see Proposition 3.2).
1. Preliminaries and notation
Wewill use here rather the language of degenerations of locally bounded categories and varieties of modules over them,
than the classical one for algebras. Therefore we briefly recall basic notions.
Throughout the paper kwill always denote an algebraically closed field.
1.1
Let R be a k-category (each set R(x, y) of morphisms from x to y in R, x, y ∈ ob R, is a k-linear space and the composition
of morphisms in R is k-bilinear). Then R is called locally bounded, if all objects of R have local endomorphism rings, the
different objects are nonisomorphic, and the sums
∑
y∈R dim kR(x, y) and
∑
y∈R dim kR(y, x) are finite for each x ∈ R (see
[3,22]).
For any R as abovewe denote always by J(R) the Jacobson radical of R. By an R-moduleM wemean a k-linear contravariant
functor from R to the category of all k-vector spaces. We say thatM is locally finite-dimensional (resp., finite-dimensional) if
all k-vector spacesM(x), x ∈ ob R, are finite dimensional (resp., additionally almost all of them are equal to the zero space).
We denote by MODR the category of all R-modules and by ModR (resp., modR) the full subcategories formed by all locally
finite-dimensional (resp., finite dimensional) R-modules.
For anyM from ModR (resp., modR), by the dimension vector (resp., dimension) ofM we mean the collection dim kM =
(dimk M(x))x∈ob R ∈ N ob R (resp., the integer dimk M = ∑x∈ob R dimk M(x) ∈ N) and by the support of M the set suppM= {x ∈ ob R : M(x) ≠ 0}. The category R is called locally support finite, if for every x ∈ ob R, the union of all suppM , for
indecomposable modulesM from modRwithM(x) ≠ 0, forms a finite set.
For locally bounded categories we have adopted the notions of the representation types: finite, tame andwild;moreover,
similarly as for algebras the tame–wild dichotomy holds true (see [5,18,16]).
LetΛ be an algebra. Then for anyΛ-R-bimodule B such that ΛB is a finitely generated free module, we denote by rk (B)
the rank vector of B, i.e. the vector (rk B(x))x∈ob R ∈ N ob R, where rk B(x) is a rank of the freeΛ-module ΛB(x).
1.2
Following the idea of Geiss [23], for any d = (di,j) ∈ N [n]2 , with n ∈ N, one considers the variety lbcd = lbcd(k) of locally
bounded k-categories Rwith a common (indexed) set of objects ob R = {x1, . . . , xn} and a fixed dimension vector dim kR = d
(di,j = dimk J(R)(xj, xi), for all i, j ∈ [n], where [n] := {1, . . . , n}). The set lbcd is formed by structure constants c = (cr,s,ti,j,l ),
i.e. the collections of scalars cr,s,ti,j,l ∈ k, (i, j, l; r, s, t) ∈ [n]3 × [di,l] × [di,j] × [dj,l], defining (on the standard bases) the
composition, which yields the structure of a locally bounded k-category R = R(c)with ob R = [n] and J(R)(i, j) = kdi,j (resp.
R(i, i) = k ⊕ kdi,j ), for all i, j ∈ [n]. In fact, lbcd is a closed subset (in Zariski topology) of the affine space AN(d)(k), where
N(d) =∑i,j,l∈[n] di,l di,j dj,l (see [11]).
Clearly, for any locally bounded k-category R with ob R = {x1, . . . , xn} and dim kR = d, there exists c ∈ lbcd such that
R(c) is isomorphic to R (over the mapping i → xi, i ∈ [n]). The structure constants c for R are uniquely determined by the
choice of bases (vsi,j)s∈[di,j] of the spaces J(R)(xj, xi), i, j ∈ [n].
The variety lbcd admits the natural regular action of the connected affine algebraic group Hd =∏i,j∈[n] Gldi,j(k) on itself,
which is given by the ‘‘base changes’’. It has the property that for any c, c ′ ∈ lbcd, R(c) and R(c ′) are isomorphic (over id[n])
if and only if the orbits Hd · c and Hd · c ′ coincide.
Let R0, R1 be a pair of locally bounded k-categories such that ob R0 = ob R1 = {x1, . . . , xn} and dim kR0 = dim kR1
(=: d). We say that R0 is a degeneration of R1, if for the constant structures c(0), c(1) ∈ lbcd of the categories R0 and R1,
respectively, the inclusion Hd · c(0) ⊆ Hd · c(1) holds.
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1.3
Let R be an arbitrary (not necessarily finite) locally bounded k-category. Fix basisBx,y of the radical subspaces J(y, x) ⊆
R(y, x), for all x, y ∈ ob R, where J = J(R). Then for any dimension vector z ∈ Nob R, the set modR(z), by definition, consists
of all collections
(Mαx,y) ∈
∏
x,y∈ob R, αx,y∈Bx,y
Mz(y)×z(x)(k)
formed by the matrices Mαx,y of the linear structure maps M(αx,y) : M(x) → M(y), with respect to the standard bases, for
R-modulesM such that dim kM = z andM(x) = kz(x), for every x ∈ ob R. Clearly, we have the action ⋆ of the group
G(z) =
∏
x∈ob R
Glz(x)(k)
on modR(z), mapping the pair (γ ,M) = ((γx), (Mαx,y)) ∈ G(z)×modR(z) into the collection γ ⋆ M = (M ′αx,y) ∈ modR(z),
given by the formulaM ′αx,y = γyMαx,yγ−1x , where x, y ∈ ob R and αx,y ∈ Bx,y.
Recall that if |z| :=∑x∈ob R z(x) <∞, then modR(z) carries a structure of the affine variety. More precisely, modR(z) is
closed in the Zariski topology subset of the (finite dimensional) affine space AN(z) = ∏x,y∈ob R, αx,y∈Bx,y Mz(y)×z(x)(k), where
N(z) =∑x,y∈ob R z(y) z(x) dimk J(y, x), given by the equations of the form
Mαy,zMαx,y =
−
αx,z
cαx,zαy,z ,αx,yMαx,z
for αx,y ∈ Bx,y, αy,z ∈ By,z and αx,z ∈ Bx,z , where the constant structures (cαx,zαy,z ,αx,y) are defined by the equalities
αx,y · αy,z = ∑αx,z cαx,zαy,z ,αx,yαx,z . Moreover, ⋆ is then a regular action of the connected affine algebraic group G(z) on the
variety modR(z).
From now on we assume that all the considered dimension vectors z are finite, i.e. that they belong to the set Nob R0 :=
{z ′ ∈ Nob R : |z ′| <∞}.
For any z ∈ Nob R0 and positive integer t , we set
modR(z, t) := {M ∈ modR(z) : dimk EndR M ≥ t}.
We collect below the well known properties of the introduced sets (proved in [23,24,28]), which will play an important
role in further considerations.
Proposition. (a) Let R be a locally bounded k-category. For any z ∈ N ob R0 and t ∈ N,modR(z, t) is a closed G(z)-invariant subset
of the varietymodR(z). Moreover, in case R is finite, R is tame if and only if
dimmodR(z, t) ≤ |z| + (|z|2 − t)
for all pairs (z, t) such that 1 ≤ t ≤ |z|2, where |z|2 =∑x∈ob R z(x)2.
(b) Let R0, R1 be a pair of finite locally bounded k-categories. If R0 is a degeneration of R1 then
dimmodR1(z, t) ≤ dimmodR0(z, t)
for all pairs (z, t).
2. Dimension of module varieties and coverings
We start by recalling basic concepts of coverings, next we prove our main result — Theorem 2.2, and finally we formulate
several facts being its consequences.
2.1
Let R and R′ be a pair of locally bounded k-categories. Recall [3,22] that a functor F : R → R′ is called a covering functor,
if F is dense and for any pair of objects x ∈ ob R, a ∈ ob R′, F induces two k-isomorphisms:
y∈F−1(a)
R(x, y) ∼= R′(F(x), a) and

y∈F−1(a)
R(y, x) ∼= R′(a, F(x)).
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Given a covering functor F : R → R′ one can study interrelations between the module categories MODR and MODR′ by
using the pair of functors
MODR
Fλ−→←−
F•
MODR′
where F• : MODR′ → MODR is the ‘‘pull-up’’ functor associatedwith functor F , assigning to each X inMODR′ the R-module
X ◦ F , and the ‘‘push-down’’ functor Fλ : MODR → MODR′ is the left adjoint to F• (see [26]). The R-module Fλ(N), for N
in MODR, is defined as follows: Fλ(N)(a) = x∈F−1(a) N(x), for a ∈ ob R′, and Fλ(N)(α) = [N(·xαy)] : x∈F−1(a) N(x) →
y∈F−1(b) N(y), for α ∈ R′(b, a), where
∑
y∈F−1(b) F(·xαy) = α, for x ∈ F−1(a).
Clearly, we have F•(modR′) ⊂ ModR and Fλ(modR) ⊂ modR′.
Let G ⊆ Autk−cat(R) be a group of k-linear automorphisms of a locally bounded k-category R. Then G acts also on the
category MODR by translations g(−), which assign to each M in MODR the R-module gM = M ◦ g−1. Given M in MODR,
we set GM = {g ∈ G : gM ≃ M}. We say that G acts freely on indR if GM = {idR}, for every indecomposableM from modR.
Assume now that G acts freely on objects of R (i.e. that Gx = {idR}, for every x ∈ ob R ). Then the covering functor
F : R → R′ is called aG-covering, if the set F−1(a) isG-invariant and the action ofG on F−1(a) is transitive, for every a ∈ ob R′.
Recall that for G as above there exists one distinguished G-covering functor. Namely, we can always form the quotient (orbit
category) R/G, which is again locally bounded (we set ob (R/G) = (ob R)/G, the morphism spaces are defined in terms of
G-orbits of morphisms in R, see [3,22] for the precise definition). Then the natural projection yields a G-covering functor
F : R → R/G such that Fg = F for all g ∈ G, called a Galois covering.
Galois covering functors have nice properties and are well understood (see [3,22]). There exist many results concerning
the nice behaviour of Galois coverings with respect to preserving the representation types in specific situations (see [22,14,
13,15], also [8,9]).
2.2
Let F : R → R′ be an arbitrary k-linear functor between locally bounded k-categories. Then by f = f (F) : Nob R0 → Nob R′0
we denote the associated map dependent only on Fob : ob R → ob R′ and given by the formula
f (z)(a) =
−
x∈F−1(a)
z(x),
where z ∈ Nob R0 and a ∈ ob R′. Assume now that F is a covering functor. Then for any a, b ∈ ob R′, the set {F(α˜) : α˜ ∈
y∈F−1(b)Bx,y} forms a base of the space J(R′)(b, a), hence for any fixed x ∈ F−1(a) there exists a uniquely determined
(invertible) matrix (cx
α˜,α
) such that
∑
α˜∈y∈F−1(b) Bx,y cxα˜,αF(α˜) = α, for every α ∈ Ba,b. Now for any vector z ∈ Nob R0 , we
define the regular map
fz = fz(F) : modR(z)→ modR′(f (z))
by setting fz((Mα˜)) = (Mα), whereMα ∈ M f (z)(b)×f (z)(a)(k) are given by the block matrices[ −
α˜∈Bx,y
cxα˜,αMα˜
]
y∈F−1(b), x∈F−1(a)
for a, b ∈ ob R′ and α ∈ Ba,b. It is easily seen that in this situationwe have Fλ(M˜) = M , where M˜ is an R-module determined
by (Mα˜) ∈ modR(z˜) andM is an R′-module determined by (Mα) ∈ modR′(z).
For a covering functor F : R → R′ and z ∈ Nob R′0 , we define the sets
mod1R′(z) :=

z˜∈f−1(z)
G(z) ⋆ (fz˜(modR(z˜))),
and
mod1R′(z, t) := mod1R′(z) ∩modR′(z, t),
t ∈ N, where f : Nob R → Nob R′ , fz˜ : modR(z˜) → modR′(z) are the maps induced by F , introduced above. The defined sets
consist of all modules of the first kind with respect to F (in the sense of [16]) contained in modR′(z) (resp., in modR′(z, t)),
and they form dense subcategories in the full subcategory of modR′ consisting of all first kind modules with the dimension
vector z (resp., of all first kind modules with the dimension vector z, whose endomorphism algebras have at least the
dimension t).
To any dimension vector z ∈ Nob R′0 we associate two subsetsD,D ′ ⊆ Nob R0 . Fix x1, . . . , xr ∈ ob R such that F(xi) = ai,
where supp z = {a1, . . . , an} (⊆ ob R′). By D = D(z; x1, . . . , xr) we denote the set of all z˜ ∈ f −1(z) such that each
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connected component of supp z˜ contains at least one xi, and by D ′ = D ′(z; x1, . . . , xr) the set of all z˜ ∈ Nob R0 such that
supp z˜ is connected, supp z˜ ∩{x1, . . . , xr} ≠ ∅ and f (z˜)(a) ≤ z(a) for all a ∈ ob R′ (then |z˜| ≤ |z| and supp z˜ ⊆ F−1(supp z)).
Note that the setsD andD ′ are finite, since for every i, the number of full connected subcategories C ⊂ R, such that xi ∈ ob C
and |ob C | ≤ |z|, is finite
Theorem. Let F 0 : R → R0, F 1 : R → R1 be a pair of G-covering functors such that F 0 is a Galois one, where G ⊆ Autk−cat(R)
is a group of k-automorphisms of a locally bounded k-category R acting freely on ob R. Given a dimension vector z ∈ Nob R00 ,
(a) if
(∗) : F 1• F 1λN ∼=

g∈G gN for all N inmodR such that dimN ∈ D = D(z; x1, . . . , xr),
then dimmod1R0(z, t) ≤ dimmod1R1(z, t) for every t ∈ N, in particular,
dimmod1R0(z) ≤ dimmod1R1(z);
(b)moreover, if additionally
(∗∗) : F 1λ (N ′) ∼= F 1λ (gN ′) for all g ∈ G and N ′ in modR such that dimN ′ ∈ D ′ = D ′(z; x1, . . . , xr),
then dimmod1R0(z, t) = dimmod1R1(z, t) for every t ∈ N, in particular,
dimmod1R0(z) = dimmod1R1(z).
Proof. We prove the assertions (a) and (b) simultaneously.
Fix z ∈ Nob R00 such that (∗) holds for z, and set
mod(1)Rs (z) :=

z˜∈D
G(z) ⋆ (f sz˜ (modR(z˜)))
for s = 0, 1, where f sz˜ = fz˜(F s). Clearly, we have mod(1)Rs (z) ⊆ mod1Rs(z). Moreover, mod(1)Rs (z) = mod1Rs(z) for s = 0,
and also for s = 1, provided (∗∗) holds. This follows from the observation that for a decomposition N = ml=1 N (l) of
an R-module N , with dimN ∈ f −1(z), into a direct sum of indecomposable modules, there exist g1, . . . , gm ∈ G such that
(supp glN (l))∩{x1, . . . , xr} ≠ ∅ for every l. Consequently,we have dim glN (l) ∈ D ′ and dimN ′ ∈ D , whereN ′ =ml=1 glN (l),
and therefore
F sλN ∼=
m
l=1
F sλN
(l) ∼=
m
l=1
F sλ(
glN (l)) ∼= F sλN ′
(for s = 0 the isomorphism is obvious, for s = 1 we apply (∗∗)).
For any z˜ ∈ D , we set
modR(z˜)t :=

N ∈ modR(z˜) :
−
g∈G

N, gN
 ≥ t
where [N, gN] := dimk HomR(N, gN). Note that HomR(N, gN) = 0 for almost all g ∈ G, since G acts freely on ob R so the set
{g ∈ G : gS ∩ S ≠ ∅} is finite, where S = suppN . Moreover,∑g∈G [N, gN] ≥ t if and only if dimk EndRs(F sλN) ≥ t , for s = 0
(resp. s = 1), since EndRs (F sλN) ∼= HomR(N, F s•F sλN) and F s•F sλN ∼=

g∈G gN (see (∗), for s = 1). Hence, it follows that
(f 0z˜ )
−1(modR0(z, t)) = modR(z˜)t = (f 1z˜ )−1(modR1(z, t)).
In consequence, the set modR(z˜)t is closed and G(z˜)-invariant, due to the existence of the commutative diagrams
⋆ : G(z˜)×modR(z˜)
ε×fz˜

/ modR(z˜)
fz˜

⋆ : G(z)×modRs(z) / modRs(z)
where ε : G(z˜) → G(z) is a diagonal embedding given by the mapping (γz˜(x)) → (γz(a)), with γz(a) = diag({γz˜(x)}x∈F−1(a)).
We have also the equalities
z˜∈D
G(z) ⋆ f 0z˜ (modR(z˜)t) = mod1R0(z, t)
2390 P. Dowbor, A. Hajduk Toruń / Journal of Pure and Applied Algebra 215 (2011) 2385–2395
and 
z˜∈D
G(z) ⋆ f 1z˜ (modR(z˜)t) = mod(1)R1 (z, t)
where mod(1)R1 (z, t) := mod(1)R1 (z) ∩modR1(z, t).
For a fixed t ∈ N, letmodR(z˜)t =i∈Iz˜ modR(z˜)t,i be adecomposition ofmodR(z˜)t into a unionof irreducible components,
where Iz˜ = Iz˜(t). We set
X sz˜,i (= X sz˜,i(t)) := G(z) ⋆ f sz˜ (modR(z˜)t,i)
where i ∈ Iz˜, z˜ ∈ D . Then each of the sets X sz˜,i is irreducible as an image of the regular map
ψ sz˜,i (= ψ sz˜,i(t)) := ⋆ ◦ (id× f sz˜ ) : G(z)×modR(z˜)t,i → modRs(z, t).
In this way we obtain decompositions
mod(1)Rs (z) =

i∈z˜∈D Iz˜
X sz˜,i
into unions of irreducible sets, for s = 0, 1. Therefore, it suffices to show that dim X1z˜,i ≥ dim X0z˜,i (resp., dim X1z˜,i = dim X0z˜,i
in the case (∗∗) holds), for every pair (z˜, i).
Fix a pair (z˜, i). The regular map
ϕs := ψ sz˜,i : G(z)×modR(z˜)t,i → X sz˜,i
is a dense map between irreducible varieties, so by ‘‘fibre dimension theorem’’ [25,31] there exists a nonempty open subset
U = U(t) ⊂ G(z)×modR(z˜)t,i such that
dimϕ−1s ϕs(γ ,N) = dimG(z)+ dimmodR(z˜)t,i − dim X sz˜,i
for any (γ ,N) ∈ U . Thus, it suffices to show that dimϕ−11 ϕ1(γ ,N) ≤ dimϕ−10 ϕ0(γ ,N) (resp., dimϕ−11 ϕ1(γ ,N) =
dimϕ−10 ϕ0(γ ,N), if (∗∗) holds), for all γ ∈ G(z) and N ∈ modR(z˜)t,i.
Fix (γ ,N) ∈ G(z)×modR(z˜)t,i and set
Z s := ϕ−1s ϕs(γ ,N) = {(γ ′,N ′) : γ ′f sz˜ (N ′) = γ f sz˜ (N)}.
Let N1 = N, . . . ,Nh be all up to isomorphism R-modules of the form N ′ = ml=1 glN (l), which belong to modR(z˜)t,i, where
N =ml=1 N (l) is a fixed decomposition of N into a direct sum of indecomposable modules. Note that since dimN ′ = z˜, the
number of such modules is really finite. Then clearly F 0λNj ∼= F 0λN , for all j; moreover,
{N ′ ∈ modR(z˜)t,i : F 0λN ′ ∼= F 0λN} =
h
j=1
G(z˜) · Nj
since F 0λN
′ ∼= F 0λN implies F 0• F 0λN ′ ∼= F 0• F 0λN , and N ′ is a direct summand of the R-module

g∈G gN ′ ∼=

g∈G gN =
g∈G
m
l=1 gN (l); hence, N ′ ∼= Nj, for some j. Analogously, by (∗), we have the inclusion
{N ′ ∈ modR(z˜)t,i : F 1λN ′ ∼= F 1λN} ⊆
h
j=1
G(z˜) · Nj
which is an equality, if (∗∗) holds. (Note that F 1λNj ∼= F 1λN for all j, since dim g ′lN (l) ∈ D ′, for some g ′l ∈ G, and hence
F 1λ (
glN (l)) = F 1λ (N (l)), for all l). In consequence, we obtain the factorizations
Z s
π s=π2| /
#G
GG
GG
GG
GG
modR(z˜)t,i
h
j=1 O(Nj)
+ 
8qqqqqqqqqq
for s = 0, 1, where π2 : G(z)×modR(z˜)t,i → modR(z˜)t,i is a projection on the second component. For any j = 1, . . . , h, we
set
Z sj := (π s)−1(O(Nj)) = {(γ ′,N ′) ∈ Z s : N ′ ∈ O(Nj)}.
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Note that Z0j ≠ ∅ for any j, since F 0λNj ∼= F 0λN (resp., Z sj ≠ ∅ for any j and s = 0, 1, if (∗∗) holds, since F sλNj ∼= F sλN). Moreover,
we have the decompositions
Z s =
h
j=1
Z sj
into disjoint sums of locally closed sets, for s = 0, 1. Therefore to complete the proof, we show that dim Z1j ≤ dim Z0j (resp.,
dim Z1j = dim Z0j , if (∗∗) holds). In fact, it suffices only to prove that dim Z1j = dim Z0j , if Z1j ≠ ∅. In the proof we apply the
properties of the associated fibre bundles (see [4, Theorem 5.15] for a definition).
Fix j such that Z1j ≠ ∅. Consider the G(z˜)-actions
⋆s : G(z˜)× Z sj → Z sj
given by the mappings (δ, (γ ′,N ′)) → (γ ′ε(δ−1), δN ′), for s = 0, 1. (Note that ⋆s is well defined, since γ ′ε(δ−1)f sz˜ (δN ′) =
γ ′f sz˜ (δ
−1δN ′) = γ ′f sz˜ (N ′).) Then the maps
π sj = π s| : Z sj → O(Nj)
are G(z˜)-equivariant.
Set Hj := G(z˜)Nj and F sj := (π sj )−1(Nj), for s = 0, 1. Recall that the orbit map G(z˜) → O(Nj) induces G(z˜)-equivariant
regular isomorphism between homogeneous space G(z˜)/Hj and the orbit O(Nj), mapping eHj on Nj ([4, p. 16]). In
consequence, by [4, Lemma 5.17] applied to the maps π sj , we obtain the isomorphisms
Z sj ∼= G(z˜)×Hj F sj
of varieties.
Denote by φs : G(z˜)× F sj → Z sj the corresponding geometric quotient maps under the standard action of Hj on G(z˜)× F sj ,
for s = 0, 1. Observe that
F sj ∼= {γ ′ ∈ G(z) : γ ′f sz˜ (Nj) = γ f sz˜ (N)} ∼= G(z)γ f sz˜ (N) ∼= G(z)f sz˜ (N)
since γ ′f sz˜ (N
′) = γ f sz˜ (N), for γ ′ ∈ G(z), if and only if γ ′(γ ′0)−1 ∈ G(z)γ f sz˜ (N), where γ ′0 ∈ G(z) such that γ ′0f sz˜ (Nj) = γ f sz˜ (N)
is fixed. Thus, the set F sj is irreducible, since G(z)f sz˜ (N)
∼= AutRs(f sz˜ (N)) and AutRs(f sz˜ (N)) is an open set in the linear space
EndRs(f
s
z˜ (N)). The group G(z˜) is connected, so the sets Z
0
j and Z
1
j are also irreducible. Hence, from the fibre dimension
formulas for the flat maps φs, we obtain the equalities
dim Z sj = dimG(z˜)+ dim F sj − dimHj
for s = 0, 1. (The fibres of φs are simply the orbits of the standard action of Hj on G(z˜)× F sj , so they all are isomorphic to Hj.)
On the other hand, by the previous considerations we have
dim F sj = dimG(z)f sz˜ (N) = dim EndRs(f sz˜ (N)) =
−
g

N, gN

(for s = 1 the last equality follows by (∗)). Consequently, dim F sj does not depend on s and dim Z0j = dim Z1j .
In this way, the proof of our claim and of the whole theorem is complete. 
Remark. (a) In fact we have shown that if for a fixed z ∈ N obΛ0 , F 1• F 1λN ∼=

g ′∈G g
′
N and F 1λ (
gN) ∼= F 1λ (N) for all g ∈ G
hold for any indecomposable N in modR with dimN ∈ D ′(z; x1, . . . , xn) then the same hold for any N in modR with
dimN ∈ f −1(z); in particular, for N with dimN ∈ D(z; x1, . . . , xn).
(b) The assertion (for a fixed z) remain valid, if F 0 is not necessarily a Galois covering. In fact, it suffices only to require
that the analogs of the conditions (∗) and (∗∗) hold simultaneously for F 0.
(c) Let F : R → R′ be a G-covering functor. If F is a Galois covering then for any z ∈ N ob R0 the setmod1R′(z) is constructible.
However this is not the case for an arbitraryG-covering. (One easily constructs an example of a non-GaloisZ-covering functor
F , where R′ is the Kronecker category and R its universal cover, with the property that alreadymod1R′(z) is not a constructible
set for z = (1, 1).)
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2.3
The following two facts follows easily from Theorem 2.2.
Corollary. Let F 0 and F 1 be as above. Assume that the functor F 0λ is dense. Then for any dimension vector z ∈ Nob R0 as in the
assumption of 2.2(a) the inequality
dimmodR0(z, t) ≤ dimmod1R1(z, t)
holds for every t ≥ 1.
Proof. An immediate consequence of the equality modR0 = mod1R0, 
Theorem. Let R0 and R1 be finite locally bounded k-categories such that R0 is a degeneration of R1. Assume that these categories
admit G-covering functors, F 0 : R → R0 and F 1 : R → R1, respectively, by the same locally support finite locally bounded
category R, where G ⊆ Autk−cat(R) is a group of k-linear automorphisms of R acting freely on indR; moreover, F 0 is a Galois
covering. Then for any dimension vector z ∈ Nob R0 as in the assumption of 2.2(a), the equality
dimmodR0(z, t) = dimmodR1(z, t),
holds for every t ≥ 1, in particular,
dimmodR0(z) = dimmodR1(z).
Proof. Follows by Proposition 1.3(b) and the corollary. (Recall that since R is locally support finite, the functor F 0λ is dense
under our assumptions, see [13–15].) 
Example. Let (Q , It), for t = 0, 1, be bounded quivers given by
Q : ◦α $
β
) ◦′
γ
h
and
It = ⟨α2 − βγ , α2β, γ α2, tγαβ − γ β⟩
(see [30]). Denote by R0 and R1, respectively, the corresponding locally bounded categories. It is well known that R0 is a
degeneration of R1 (see [3, Corollary 5.2]). Moreover, let (Q˜ , I˜) be the universal cover of (Q , I0) in the sense of [27], given by
Q˜ : (−1)′
γ˜−1
?
??
??
? 1
′
γ˜1
?
??
??
? 3
′
· · · −2
β˜−2
?
α˜−2 ?
??
??
? 0
β˜0
?
α˜0 ?
??
??
? 2
β˜2
?
α˜2 ?
??
??
? · · ·
· · · −1
α˜−1
?
β˜−1
?
??
??
? 1
β˜1
?
??
??
?
α˜1
?
3 · · ·
(−2)′
γ˜−2
?
0′
γ˜0
?
2′
γ˜2
?
and
I˜ = ⟨{α˜nα˜n+1 − ˜˜βnγ˜n+1, α˜nα˜n+1β˜n+2, γ˜n−1α˜nα˜n+1, γ˜nβ˜n+1 : n ∈ Z}⟩,
and R be the locally bounded k-category defined by (Q˜ , I˜). The fundamental group G := Π1(Q , I0) is an infinite cyclic group
generated by [α] and under the identification G = Z given by [αm] → m, it acts on R by a shift of the index bym, form ∈ G.
Clearly, R is a locally support finite, since R0 is representation finite, and as a torsionfree group G acts freely on indR.
Denote by F 0 : R → R0 that canonical Galois G-covering functor and by F ′ : R → R1 the functor given by setting
F 1(α˜n + I˜) = α + I1,
F 1(β˜n + I˜) = β + bnαβ + I1,
F 1(γ˜n + I˜) = γ + cnγα + I1,
for n ∈ Z, where
bn =

i when n = 2i,
i when n = 2i− 1, cn =
−i when n = 2i,
−i when n = 2i+ 1.
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It is not hard to show that F 1 is well defined and that it is a G-covering functor. Moreover, one proves that for any
indecomposable N in modR we have Ext1R(N,
mN) = 0, for all m < 0. The last condition follows from the fact that
HomR(mN, τRN) = 0 for allm < 0, where τR denotes the Auslander–Reiten translate for R (we apply the Auslander–Reiten
formula [1, Theorem 2.13], the fact that R is standard and the information on the shape of the Auslander–Reiten quiver of
R). Finally, we observe that F 1 is an almost Galois covering functor of integral type (see 3.1 for the precise definition). Then,
by [12, Theorem 3.1(b)], we infer that F 1• F 1λ (N) ∼=

g∈G gN , for any N in modR.
In consequence, by the theoremwe obtain the equalities of the respective module variety dimensions, for any z ∈ Nob R0 .
2.4
To complete the first approach to the problem of preserving by G-coverings the infinite representation types, we briefly
discuss the wild case. We start with the following definition.
Let R be a wild locally bounded k-category. We say that z ∈ N ob R0 is a wild dimension vector, if there exists a k⟨x, y⟩-
R-bimodule B = B(z) as in the definition of wildness (i.e. such that k⟨x,y⟩B is finitely generated free and the functor Φ =
− k⟨x,y⟩ ⊗ B : mod k⟨x, y⟩ → modR induces an injection between the corresponding sets of isoclasses of indecomposable
modules), which satisfies rk (B) = z.
Theorem. Let F : R → R′ be a G-covering functor, where G ⊆ Autk−cat(R) is a torsion-free group of automorphisms of a wild
locally bounded category R, acting freely on ob R with |ob R/G| <∞. If there exists a wild vector z ∈ N ob R0 such that
F•FλN ∼=

g∈G
gN
for all N inmodR with dimN = nz, where n = n(z) is some integer such that n ≥ |z|, then R′ is wild.
In the proof we apply the following fact proved by Geiss and de la Peña (see [23, Proposition 2.3], [24, Proposition 2],
[28, Proposition 1.4]).
Lemma. Let Φ = − k⟨x,y⟩ ⊗ B : mod k⟨x, y⟩ → modR be a functor given by the bimodule k⟨x,y⟩BR being finitely generated
free as k⟨x, y⟩-module, with rk (B) = z. Assume that there exists n ≥ |z| such that for any pair X, Y of indecomposable right
n-dimensional k⟨x, y⟩-modules, Φ(X) ∼= Φ(Y ) if and only if X ∼= Y . Then dimmodR(nz, t) ≥ |nz| + |nz|2 − t + 1, for some
1 ≤ t ≤ |nz|2.
Proof of Theorem 2.4. Let (z, n(z)) ∈ N ob R0 × N be a pair consisting of a wild dimension vector together with a natural
number, satisfying the assumptions of the theorem, and B = B(z) be a bimodule realizing the definition of a wild vector for
z. Consider the composite functor
Φ ′ : mod k⟨x, y⟩ Φ−→ modR Fλ−→ modR′
where Φ = − k⟨x,y⟩ ⊗ B. Then Φ ′ = − k⟨x,y⟩ ⊗ B′, where B′ = Fλ(B). Clearly, B′ is a finitely generated free k⟨x, y⟩-module,
rk (B′) = f ( rk (B)) = f (z) and |f (z)| = |z|, where f = f (F). We show first that Φ ′ satisfies the assumption of the lemma,
for n = n(z).
Fix a pair X, Y of n-dimensional indecomposable modules in mod k⟨x, y⟩ and assume that Φ ′(X) ∼= Φ ′(Y ). Then
F•Φ ′(X) ∼= F•Φ ′(Y ), and by the assumptions, we have g∈G g X˜ ∼= g∈G g Y˜ , since dim X˜ = nz = dim Y˜ , where
X˜ = Φ(X) and Y˜ = Φ(Y ). The R-modules X˜, Y˜ are indecomposable, so by the uniqueness of decomposition into a direct sum
of indecomposables in ModR, we have X˜ ∼= g Y˜ , for some g ∈ G (see [15, Lemma 2.1]). Thus, gS := S, where S = supp X˜ =
supp Y˜ ; hence, g = idR, since G is torsion-free, and therefore X ∼= Y .
Now, applying the lemma, we infer that dimmodR′(z ′, t) ≥ |z ′|+ |z ′|2− t+ 1, for some 1 ≤ t ≤ |z ′|2, where z ′ = nf (z).
Consequently, by Proposition 1.3(a), R′ is wild. 
3. Almost Galois coverings of the integral type
In this section we discuss the ‘‘estimation problem’’ for dimension of the module varieties over algebras admitting some
special covering, similar to the Galois one.
3.1
Let (H,≼) be an ordered set and ψ = [ψh′,h] : h∈H Wh → h′∈H Wh′ a k-linear endomorphism of the space
W = h∈H Wh such that Wh = 0 for almost all h ∈ H . We say that ψ is lower ≼-unitriangular (shortly, ≼-unitriangular),
if ψh′,h = 0 for all h, h′ ∈ H such that h′ ≺ h or h, h′ are incomparable and ψh,h = idVh for all h ∈ H . Note that then ψ is
clearly an isomorphism, and ψ−1 is also ≼-unitriangular. Moreover, the composition ψ ′ψ is again ≼-unitriangular, if so is
ψ ′.
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LetH be a group. Recall [12] thatH isZ-totally ordered by the relation≼, if there exists a surjective group homomorphism
p : H → Z such that h1 ≺ h2 if and only if p(h1) < p(h2) (resp. h1 ≼ h2 if and only if p(h1) < p(h2) or h1 = h2), for any
h1, h2 ∈ H , where≤ denotes the standard ordering relation in Z. (Clearly these conditions can be regarded as the definition
of≼.) Note that always (H,≼) is an ordered group, and that a free (resp. an abelian free) group is a Z-totally ordered group
in a canonical way (free generators are mapped to 1).
Let G ⊆ Aut(R) be a group of automorphisms acting freely on ob R and (ob R)0 be a fixed set of representatives of G-
orbits in ob R. Then we identify all morphisms in each G-orbit by setting R¯(x¯, y¯)g−12 g1
:= R(g1x¯, g2y¯), for al g1, g2 ∈ G and
x¯, y¯ ∈ (ob R)0. Following [12] a G-covering functor F : R → R′ is called an almost Galois covering of the integral type (with
the group G), if G admits a Z-total order≼ such that all automorphisms
ϕg1(x¯, y¯) :

g∈G
R¯(x¯, y¯)g →

g ′∈G
R¯(x¯, y¯)g ′
for g1 ∈ G and x¯, y¯ ∈ (ob R)0, are≼-unitriangular under the identifications above, where
ϕg1(x¯, y¯) = [ϕg1(x¯, y¯)(g
′,g)] :

g∈G
R¯(x¯, y¯)g =

g2∈G
R(g1x¯, g2y¯)
y¯f
g1
x¯−→ R′(x¯, y¯) (y¯f
e
x¯ )
−1
−→

g ′2∈G
R(x¯, g ′2y¯) =

g ′∈G
R¯(x¯, y¯)g ′
with y¯f
g1
x¯ , y¯f
e
x¯ being the isomorphism induced by F (g = g−12 g1, g ′ = (g ′2)−1). One shows that the definition does not depend
on the choice of the set (ob R)0.
For important examples of the (nonstandard) algebras which admit almost Galois covering of the integral type we refer
to [2,30] (see [12, 2.3 and 4.1]).
Theorem. Let R be a locally support finite locally bounded k-category, G ⊆ Autk−cat(R) be a group of k-linear automorphisms of
R admitting a Z-total ordering ≼ , acting freely on indR, and having a finite number of orbits in ob R; moreover, F : R → R′ be
an almost Galois G-covering of the integral type (with respect to≼). Then for any z ∈ N ob R′ the equality
dimmodR′(z, t) = dimmodR/G(z, t),
holds for every t ≥ 1, in particular,
dimmodR′(z) = dimmodR/G(z),
provided Ext1R(N,
gN) = 0 for all N such that dimN ∈ f −1(z) and g ∈ G≺ e.
Proof. It is known that, since F is an almost Galois G-covering functor of the integral type, the finite category R/G is a
degeneration of R′ in the sense of 1.2 (see [12, 2.4, 2.5]). Moreover, by [12, Theorem 3.1(b)], we have F•Fλ(N) ∼=g ′∈G g ′N ,
for any N in modR such that Ext1R(N,
gN) = 0, for all g ∈ G≺ e.
Denote by F¯ : R → R/G the standard Galois covering functor given by the canonical projection. Now applying Theorem
2.3 for the pair of covering G-functors F 0 = F¯ and F 1 = F , we immediately obtain the assertion. 
3.2
Finally, we discuss a geometric meaning of the ‘‘Ext-vanishing condition’’ from Theorem 3.1.
Proposition. Let G ⊆ Autk−cat(R) be a group of k-automorphisms of a locally bounded category R acting freely on ob R, G′ ⊆ G
a subset of G, and z ∈ N ob R0 a fixed dimension vector. Then
V := {N ∈ modR(z) : Ext1R(gN,N) = 0 ∀g∈G′}
forms an open set in the varietymodR(z).
In the proof we use the following version of [7, Lemma 4.3] obtained by replacing an algebra A by a locally bounded
k-category R (resp., dimensions by finite dimension vectors, i.e. elements of Nob R0 ), and by applying the interpretation of
the first extension group for R-modules in terms of derivations in the appropriate sense, analogous to the classical one (see
[10, 3.2]).
Lemma. Let R be a locally bounded k-category. Then for any finite dimension vectors z, z ′ ∈ N ob R0 the function
Ez,z′ : modR(z)×modR(z ′)→ N
defined by the formula Ez,z′(M,N) = dimk Ext1R(M,N) is upper semi-continuous, i.e. the sets
Yt := {(M,N) ∈ modR(z)×modR(z ′) : dimk Ext1R(M,N) ≤ t}
t ∈ N, form open subsets inmodR(z)×modR(z ′).
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Proof of Proposition 3.2. We start by observing that for any g ∈ G
Vg := {N ∈ modR(z) : Ext1R(gN,N) = 0}
is an open set in the module variety modR(z), since Vg = ∆−1g (Y0), where
∆g : modR(z)→ modR(gz)×modR(z)
is a regular embedding given by N → (gN,N).
To show the main assertion, denote by supp z a (finite) set consisting of all x ∈ ob R such that R(y, x) ≠ 0 or R(x, y) ≠ 0,
for some y ∈ supp z. Since G acts freely on ob R, the set G0 := {g ∈ G : supp z ∩ g (supp z) ≠ ∅} is finite. Moreover, if
g ∈ G does not belong to G0, then Ext1R(gN,N) = 0 for every N ∈ modR(z), and Vg = modR(z). Consequently,
V =

g∈G′
Vg =

g∈G′∩G0
Vg
and V is open. 
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